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I.  INTRODUCTION 

To determine validated sets of elementary chemical reactions for 
use in predictive combustion models, we have chosen to simulate the one 
dimensional, premixed, laminar flame. This approach has the advantage 
that the predicted temperature and species profiles can in principal be 
compared with suitable burner experiments of the same flame.  The corre- 
sponding equations are derived by Bird, Stewart and Lightfoot,1 and by 
Williams,2 and are given in Appendix A. 

Such a simulation requires as input not only the kinetics informa- 
tion (of our immediate interest), but also thermodynamic and transport 
data. Fortunately the thermodynamics input is by and large well de- 
fined. 3, 4 in addition, while some transport coefficients are only well 
defined through low temperature (< 1000 K) measurements,5 the theory is 
sufficiently developed to allow reasonable estimates to be made at higher 
temperatures.6 A theory has been developed for multicomponent 

1R.  B.  Bird,  W.  S.  Stewart and E.  N.  Lightfoot,  Transport Phenomena, 
John Wiley and Sons,  NY,   (1960). 

2F.  A.   Williams,  Combustion Theory,  Addison-Wesley,  Reading,  MA,   (1965). 

3D.  R.   Stull and H.   Prophet,  JANAF Thermoohemical Tables,   2nd Edition, 
NSRDS-NBS-S7,  June 1971. 

4S.   Gordon and B.   J.  McBride,   "Computer Program for Calculation of 
Complex Chemical Equilibrium Compositions, Rocket Performance,  Inci- 
dent and Reflected Shocks and Chapman-Jouguet Detonations", NASA-SP- 
273,   (1971),   (1976 program version). 

5Y.   S.   Touloukian,  P.   E.  Liley,  and S.   C.   Saxerux,  Thermophysical 
Properties of Matter,   Vol.   3,  Thermal Conductivity  (Nonmetallic Liquids 
and Gases),  IFI/Plenum,  NY-Washington,   (1970). 

6J.   0.   Hirshfelder,  C.   F.   Curtiss and R.  B.   Bird,  Molecular Theory of 
Gases and Liquids,   2nd printing,  corrected,  with notes,  John Wiley and 
Sons,  NY,   (1964). 



mixtures,6-10 but it is computationally cumbersome. To circumvent this, 
previous workers have generally employed some level of simplification.11-21 

7 
C. S.   Wang Chang, G.  E.   Uhlenbeak and J.  deBoev, Studies in Statistical 
Meohanias,  Vol.  2, John Wiley and Sonst NY.   (1964). 

Q 

L.  Monahiok, K.  S.  Yun and E.  A. Mason3   "Formal Kinetia Theory of 
Transport Phenomena in Polyatomic Gas Mixtures",  J.   Chem.  Phus..  39. 
654-699  (1962). — 

Q 
L.  Monahiak, A.  N.   G.  Pereira and E.  A.  Mason,   "Heat Conductivity in 
Polyatomic and Polar Gases and Gas Mixtures", J.   Chem.  Phys.,  42,  3241- 
3256  (1965). 

10 
L.  Monahick, R.   J.  Munn and E.  A.  Mason,   "Thermal Diffusion in Poly- 
atomic Gases:    A Generalized Stefan-Maxwell Diffusion Equation", J. 
Chem.  Phys.,  45,   3051-3058  (1966). 

11 
G.  D%xon-Lew%s,  et al.,   "Flame Structure and Flame Reaction Kinetics", 
Proa.  R.   Soc,  London A 317,   235-263  (1970); A 330,   199-218  (1972); A 
331,   571-584  (1973);  and A 346,   261-278  (1975). 

12 . 
G.   Dixon-Lewis,   "Kinetic Mechanism,  Structure and Properties of Pre- 
mixed Flames in Hydrogen-Oxygen-Nitrogen Mixtures",  Phil.  Trans.  R. 
Soc,  London,   292,   45-99  (1979). 

13 
G.  Tsatsaronis,   "Prediction of Propagating Laminar Flames in Methane, 
Oxygen,  Nitrogen Mixtures",   Combust,  and Flame,   33,   217-239  (1978). 

14 
J.   Warnatz,  "Calculation of the Structure of Laminar Flat Flames 1; 
Flame Velocity of Freely Propagating Ozone Decomposition Flames",  Ber. 
Bunsenges Phys.  Chem.,   82,   193-200  (1978). 

15 
D. B.  Spalding and P.  L.  Stephenson,  "Laminar Flame Propagation in 
Hydrogen + Bromine Mixtures",  Proc.  R.   Soc.   London A,   324,  315-337 
(1971). 

1 f) 
P.  L.  Stephenson and R.   G.  Taylor,   "Laminar Flame Propagation in Hydro- 
gen,  Oxygen,  Nitrogen Mixtures",   Combust,  and Flame 20,   231-244   (1973). 

17 
L.  D.  Smoot,  W.   C.   Hecker,  and G.  A.   Williams,   "Prediction of Propa- 
gating Methane-Air Flames",  Combust,  and Flame 26,  323-342  (1976). 

18 — 
J.   Warnatz,   "Calculation of the Structure of Laminar Flat Flames II; 
Flame Velocity and Structure of Freely Propagating Hydrogen-Oxygen and 
Hydrogen-Air Flames",  Ber.  Bursenges Phys.   Chem.,   82,   643-649  (1978). 

19 — 
D. B.  Spalding,  P.   L.   Stephenson,  and R.   G.   Taylor,   "A Calculation Pro- 
cedure for the Prediction of Laminar Flame Speeds",  Combust,  and Flame 
ITj   55-64   (1971). 

20 
L.  Bledjian,   "Computation of Time-Dependent Laminar Flame Structure", 
Combust,  and Flame,  20,   5-17  (1973). 

21 
E. Cramarossa and G.   Dixon-Lewis,   "Ozone Decomposition in Relation to 
the Problem of the Existance of Steady-State Flames",   Combust,   and 
Flame 16,   243-251   (1971). 

10 
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This paper addresses the question: which of the mathematical 
approximations to the multicomponent transport properties provides a 
desirable trade-off between precision and computational effort. Another 
way of phrasing this question is to ask what loss in precision of pre- 
dicted flame speeds and profiles occurs as the mathematical approxima- 
tions to the multicomponent, polyatomic transport expressions are made 
cruder. 

We approach this problem by actually computing the flame properties 
for a given flame with a fixed set of input conditions. The transport 
algorithms are varied and the resulting flame speeds and profiles com- 
pared. The numerical method is discussed in references 22 and 23. We 
have selected the H2-O2-N2 system as the candidate flame because it has 
a well characterized set of input parameters.  (See Appendix B). 

This paper is divided into the following sections. Section II out- 
lines a sequence of five methods for approximating the transport 
coefficients. Section III shows the numerical results of these approxi- 
mation methods relative to the most accurate method, and Section IV dis- 
cusses their relative precision for a set of five flames. Based on these 
results, we outline in Section V an algorithm which provides a reasonable 
balance between computational effort and theoretical rigor and includes 
a crude approximation for the effects of thermal diffusion. There are 
several appendices that contain sufficient detail to reproduce our com- 
putations . 

II.  APPROXIMATION METHODS 

In this section we outline five approximations to the multicom- 
ponent, polyatomic formalism, based on the theory of Wang Chang and 
Uhlenbeck.6"10 We start with the most accurate and progressively consider 
cruder approximations. Method I is the three term Sonine approximation 
to the formalism. Dixon-Lewis (DL)24 gives a discussion of this approxi- 
mation, and we will generally follow his approach. Method II involves a 
level of approximation using smaller matrices. Methods III and IV use 

22T.  P.   Coffee and J.  M.  Heimerl,   "A Method for Computing the Flame 
Speed for a Laminar3 Premixed3  One Dimensional Flame", BRL Technical 
Report, ARBRL-TE-02212,  Jan 80, 

23T.   P.   Coffee,   "A Computer Code for the Solution of the Equations 
Governing a Laminar, Premixed,  One Dimensional Flame",  BRL Memorandum 
Report,   to be published. 

24G.   Dixon-Lewis,   "Flame Structure and Flame Reaction Kinetics II. 
Transport Phenomena in Multicomponent Systems",  Proc.  Roy.  Soc.  A 307, 
111-135  (1968). 

11 



non-matrix techniques. Method V discusses the case of constant trans- 
port parameters. In each case we need to determine the diffusion velo- 
cities Vi, i = 1, 2, ... N, and the heat flux q. 

A. Method I 

Following CDL), we can write 

CD 
N NT 

q  -     E     pY,   V.   h.   -  X    — -     E    S^gi-   1^. 
•   ■,111 o  3x       .   .  M.Y.       dx 
1=1 1=1    l  i 

and 

"i-k^^^-^  (tnT)' (2a) 

or 
Vi  =  ^i  + Wi' (2b) 

a notation we will later find convenient. The diffusion coefficients 
can be written in terms of the Sonine expansion coefficients, 

N 
Z MkXk 

Uij  Ai 25p    M    
Ci00 C3J 

j 

and 

n T  8 MiXi  1 
Di ^"X^ ai00 • W a 

Substituting equations (3) and (4) into equation (2) we find 

..    _  16T    ^     , Iji 9Xj-       8T    1        9     ,,     _, 
Vi  " 25^ .^   (Ci00 JT^   - 5F ai00    37 ^n T^   • (5) 

■ ■ 

12 



I 

Similarly, we can write 

N N 
\    =  X    +    +  \     .^ = -4E  X. a!ir. - 4 E X.a   •        (6) 
o   o,tr   o,int     , , i ilO    ._,  i lUl 

The diffusion velocities and the heat flux are now defined in terms 

of the a* , a*, a*   and cjjj;.  If we use three terms in the poly- 
lOO  ilO  lOl      lUU 

nominal expansion, these are defined implicitly by the equations 

(L) (a100 .. a^00, a110 ... aN10, a101 ... aN01) 

= (0 ... 0,X1 ... XN,X1 ... XN)
T (7) 

and 

Ihk    Ihk  Ihk     Ihk  Ihk     Ihk T 
1>J Lc100 .. cN00, c110 ... cN10, L101 ... L,N01J 

= ^lh-6lk ••• 6Nh-6Nk' 0 •- 0, O...0)h,k=l ...N.  (8) 

The elements of the 3N by 3N matrix (L) are given in Appendix C.  The 
procedures we have used for computing these elements are discussed in 
Appendix D. 

2 
From equation (8), it appears that we must solve N sets of 

lii •  ,   , .,6,8,24 
equations to obtain the c.:L.  In fact, it has been recommended 

that only the a terms be computed using this level of approximation, and 
that the c terms be computed using a one term expansion (see Method 11]. 

However, this is not necessary if we observe that we are only 
interested in the fi's, and not directly in the c terms. We can convert 
the c-vector in equation (8) to a vector whose elements are in fact the 

l/. by multiplying each equation of (8) by 25^" ^T and then summinS over 

h. After some algebra we find 

w (^ ... % )T ■ CMFS
1
 ••• jfl^. » ■•• °- 0 ■■■^■m 

15 



Equation (9) shows that we can solve directly for the required l/j and 
that the right hand side is not a function of either h or k. 

In solving for the transport in our code, we decompose (L) as the 
product of an upper matrix multiplying a lower matrix. Equations (7) 
and (9) can then be solved efficiently by back substitution.  It is com- 
putationally efficient to do this rather than generate another, smaller 
matrix for the l/i using a one term approximation and solving this new 
system. To solve these systems of algebraic equations we have used an 
assembly language algorithm2^ which has been found to execute on the BRL 
CDC 7600 about five times faster than the equivalent FORTRAN coding. 

B. Method II 

The above formalism is quite complicated to work with, and so 
further simplifications are almost invariably made. 

For diffusion, we can simplify by taking only one term in the 
Sonine polynomial expansions. This results in 

n00,00. r Ihk     Ihk.T  „  r T 
(L    3 (C100 '•• W  = (6lh-6lk' '•• WV h'k=  l   ••• N' ^ 

where the elements of (L00,00) are defined in Appendix C. This can be 
rearranged6 to give the Stefan-Maxwell equations, namely, 

3Xi ,  J XjXj 
3x I    rp. (v . v ), i=l ... N. (ii) 

j=l  ij  J 

This set of equations is not independent, and the constraint 

N 
E 

i=l 
E  Y.V. - 0 (12) 

must be used in place of one of the equations in (11).  Then the dif- 
fusion velocities can be found by solving a set of N equations in N 
unknowns. This approach gives zero for the thermal diffusion velocity. 
Wi. 

25 
"' A.   C.  Hindmavsh,  L.  J.  Sloan,  K.   W.  Fong,  and G.  H.  Eodrique,   "DEC/ 

SOL:    Solution of Dense Systems of Linear Algehvaio Equations", 
Lawrence Livermore Laboratory,   UCID-30137,   1976. 

14 



Thermal conductivity cannot be simplified this easily. However, 
ignoring internal energy, we can obtain the matrix form 

L     (a110 ... ^1Q)     '   (X^ ... XN) , (13) 

N    ,  26 
where X = X    = - 4 I    X.a.iri.   This form will be valid for a o   o,tr      . ,  i ilO 
mixture of monatomic gases. 

To define the heat conductivity for a mixture of polyatomic gases, 
we adopt Hirshfelder's* Eucken-type relation,27,5 

N ,   , mon 
xpoly = xmon + E 

xi  - H         . (14) 
mix i=1 1 + E gii a 

j/i ij  i 

The quantity X    in method I is not exactly identical to the usual 

thermal conductivity XP? y, but can be interpreted as the thermal con- 
mix 

ductivity of a mixture in which the diffusion forces vanish. 

If the thermal diffusion coefficients are zero, as they are at this 
•  •    i  ,   ^poly level of approximation, then X = A*.j' . 

C.  Method III 

By making additional assumptions, the Stefan-Maxwell equations (11) 
can be further simplified. A common assumption is that all but the ith 

species move with the same velocity V.  Then we find that 

The detailed analysis of Monahiok,  et al.3    shows that the Vij should 
be Vi int3j.     From a practical point of view we have taken Vi^int^j 
= Vi/- 

26C.   Muakenfuss and C.   F.   Curtiss,   "Thermal Conductivity of Multicom- 
ponent Gas Mixtures",  J.   Chem.  Phys.   29,   1273-1277  (1958). 

on 
J.   0.  Hirshfelder,   "Heat Conductivity in Polyatomic,  Electronically 
Excited,  or Chemical Reacting Mixtures.    Ill",  Sixth International 
Combustion Symposium,  Reinhold Publishing Corporation,  NY,   351-366  (1957). 

15 



jfi    iJ 

Employing  (12)  we find 

V = " i^1 (16) 
i 

which when substituted into (15) yields the formula recommended by 
Hirshfelder and Curtiss28 

V.   « (1   - Yi) 9Xi 
1 E     Xj 3x (17) 

13 

Unfortunately, the expression in (17) does not in general satisfy 
equation (12). One technique to satisfy this constraint is due to Boris 
and Oran.29 They note that if a set of diffusion velocities Vi satisfy 
the Stefan-Maxwell equations (11), then so does the set (Vi + Vc), where 
Vc is some constant. The value of Vc is chosen such that the constraint 
(12) is satisfied.* 

The heat conductivity formula employed at this level of approximation 
is taken from Mason and Saxena's^O^ simplification of (14), specifi- 
cally 

PR 
J.   0.  Hirsheldev and C.  F.  Curtiss^   "Theory of Propagation of Flames 
Part I:    General Equations"3  Third International Combustion Symposium, 
Williams and Wilkins Co,, Baltimore,  121-127  (1949). 

29 
" E.  S.  Gran and J.  P.  Boris,   "Detailed Modeling of Combustion Systems", 

to appear in Progress in Energy and Combustion Science. 

Boris and Gran also discuss higher order approximations to the Stefan- 
Maxwell equations that will not be discussed here. 

30 E.  A.  Mason and S.   C.   Saxena,   "Approximate Formula for the Thermal 
Conductivity of Gas Mixtures",  Phys.  Fluids,   T,   361-369   (1958). 

16 



Xi 
N 

jj*i ^     ^   1 

(18) 

where 

ij M.J   1-    VM.J  L
M 

J
 

J 

3 J i    J 
(19) 

D. Method IV 

Equation (17) or some analogous form has often been used to compute 
diffusion. However, the usual procedure has been to use (17) only to 
compute Vi, ..., VN_i. Then VN is computed from (12),  This is less 
accurate than the Boris and Oran procedure, expecially for V 

Also, an empirical formula for the thermal conductivity. 

0.5 
N 
E 

i=l Vi + 
N 
E 

i=l 
x.A. (20) 

is often used.  ' 

Method IV is comprised of these common approximations. 

E. Method V 

In the case of a binary mixture the Stefan-Maxwell equations (11) 
reduce to Pick's law. Specifically we have. 

Y V 
11 -V SY 

12 9x (21) 

31 
J.   H.   Burgoyne and F.   Weinbev,   "A Method of Analysis of a Plane 
Combustion Vave",  Fourth Symposium on Combustion,  Williams and Wilkins 
Co.,  Baltimore,   294-302  (1953). 

17 



A generalization of (21) can be made, and yields 

Y.V. = -D.  I^L , (22) 
11    im 8x 

where 

D.  - I  "Y
Xi  • (23) im   E  Xj  

ij 

15  fill* fl.ll* 
In the Lennard-Jones formalism Pii ^ T ' /^     , where Q,K   '   J 

is approximately proportional to T-0-1'.32 Since p « T"1 it is not un- 
reasonable to assume that p2 V^j   is approximately independent of temper- 
ature.  Generalizing, it is often assumed that (p2Dim) is constant. 
Likewise for a monatomic gas X « T0-5/^ ' ^ , where fif-2'2J *  T-U.lbj 
and it is not unreasonable to assume that (pX) is approximately indepen- 
dent of temperature. We now outline a procedure that permits an 
a priori  selection of these quantities. 

For a given flame we know Tu and Yiu, the temperature and the mass 
fractions of the unburned mixture.  We also have a chemical kinetics 
scheme and a method of computing the specific heats cpi and specific 
enthalpies hi.  Since enthalpy is conserved, i.e.. 

ii=l 
Y.h.V = {   Z     Y.hA. , (24) 

we can compute the adiabatic flame temperature TB.  The numerical pro- 
cedure is to guess a trial burned temperature Tt and, using an ODE pack- 
age, find the corresponding equilibrium mass fractions Yit-  We then 
compute the enthalpy of the burned mixture and compare with the unburned 
mixture enthalpy.  Tt is iteratively adjusted until the burned and un- 
burned mixture enthalpies agree to within a pre-determined error toler- 
ance.  We then accept these values of Tt and Yit as Tfi and YiB- 

Z2A.  A.   Westeriberg,   "Present Status of Information on Transport Pro- 
perties Applicable to Combustion Research",  Combustion and Flame,   1, 
346-358   (1957). 

L8 



At this level of approximation we would like to use an appropriate 
constant (or "global") c .  So we will assume that Cpi = cp = constant, 

i = 1 ... N.  Then the relation hu = h° + J^      c . dT becomes hi = h° + 

c  (T - T ) and the mixture enthalpy is given by 
p v    o 

(25) 
N N 

.Z1   Yihi  = 

i=l 
:    Z    Y.h0  + c     (T - 

i=l     1  1        P • V 

Substituting (25) into (24) we find 

N 
E h? (Y. -Y.n) i ^ IU  iB 

ill     . (26) c  = 
P       T„ ■■ T u 

As a heuristic rule, we select T = 0.5 (TB + Tu) and Y^ = 0.5 
(YiB + Yiu) and then evaluate Dim and pX by using equations (23) and 
(20), respectively.  Then p2Dim, i = 1,2,...N-1, and pX are evaluated. 
The diffusion velocity VN is found from equation (12). 

2 
Others19-21 have employed the concept of constant p Dim, pX and Cp, 

but the method of evaluation varies from author to author. 

III.  NUMERICAL RESULTS 

Table 1 shows a summary of the five methods of computing the trans- 
port properties used in this paper.  Five H2-O2-N2 flames were selected 
and their initial conditions listed in Table 2. The total pressure is 
fixed at one atmosphere for all flames. The computed flame speed for 
each flame as a function of transport method is tabulated in Table 3. 
(The flame speeds for flame A are not corrected to 291 K, as has been 
done.11  If this were done, the value AI for example would be 12.2 cm/s 
instead of 14.1 cm/s.)  The values of the flame speeds span a large 
range and for a given flame are essentially independent of the transport 
method. The largest difference between Method I, the most complete for- 
mulation of the transport, and any other method is 16%.  (Compare Methods 
I and III, flame D).  Note that even Method V gives results that are quite 
close to the much more complex Method I. 
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TABLE 1.  SUMMARY OF TRANSPORT METHODS 

Method Remarks 

II 

III 

IV 

3 terms of Sonine polynomial expansion (3.N by 
3 N matrix); only method that has non-zero thermal 
diffusion. 

For diffusion, 1 terra of Sonine polynomial expansion 
CN by N matrix), Eq. (11) and (12). For thermal 
conductivity, Hirshfelder-Eucken method (N by N 
matrix), Eq. (13) and (14). 

Diffusion velocities computed from simplified 
Stefan-Maxwell relation, Eq. (17).  Each is adjusted 

by a common factor, V , so as to satisfy E Y.V. = 0. 
C *    i=i  1 1 

Thermal conductivity from Mason and Saxena, Eq. (18) 
and (19). 

Diffusion velocities computed from the simplified 
Stefan-Maxwell relation, Eq. (17), for N-l species. 
VN is computed from Eq. (12).  Empirical thermal 
conductivity formula, Eq. (20). 

2 
P Dira = constant; pX = constant; Cp = constant; 
constants are determined a priori. 

TABLE 2.  INITIAL TEMPERATURE AND MOLE FRACTIONS 
FOR THE FIVE FLAMES STUDIED 

Flame 

A 

B 

C 

D 

E 

XH2 

.1883 

. 2000 

.5000 

.9000 

.6000 

X02 

.0460 

.1680 

.1050 

.1000 

.4000 

XN2 

.7657 

.6320 

,3950 

0 

0 

lu 

336 

298 

298 

298 

298 

20 



TABLE 3.  FLAME SPEEDS CALCULATED USING 
THE FIVE TRANSPORT MODELS 

Flame I II III IV V 

A 14.1 14.6 14.9 14.9 16.0 

B 98 101 102 103 96 

C 292 300 310 308 291 

D 378 379 438 402 348 

E 892 922 971 969 847 
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Reproduction of flame speeds is a necessary but not sufficient con- 
dition to judge the relative effectiveness of the transport methods. We 
must also examine the species and temperature profiles of these flames. 
As examples we consider two sets of profiles that exhibit differences 
among the five methods that are as large as any observed.  Figures 1 and 
2 show the OH profiles for flame D.  Figures 3 and 4 show the H2 profiles 
for flame C. As can be seen these profiles are very similar.  Almost all 
the other species profiles and all temperature profiles show a greater 
degree of similarity among the five profiles than the examples given. 

18 
In general, our results agree with those reported by Warnatz. '  The 

exception is flame A, for which Warnatz reported a flame speed of 10.4 
cm/sec, referenced to 291K.  Our computed flame speed is about twenty 
percent higher.  Based on our results, we infer that Warnatz's use of a 
transport method slightly different from any of those reported here should 
not make that large a difference. We do not know the cause of the 
discrepancy. 

As a check of our code, we computed the flame speed for flame A, 
using the kinetics and transport parameters of Dixon-Lewis-^ and Method I. 
The resulting flame speed was 9.2 cm/sec, referenced to 291K.  This agrees 
with the computed result reported by Dixon-Lewis and we conclude that our 
code is functioning properly. 

We are comparing the model results produced as we vary the transport 
algorithm and not comparing the model result with experiment. Thus, the 
fact that the use of Warnatz' parameters produces a slightly inaccurate 
flame speed for flame A is of no concern. 

IV.  DISCUSSION 

The numerical results shown in Table 3 demonstrate that reliable 
results can be obtained for the H2-O2-N2 system even for the case of our 
a priori  determined constant transport method.  Note that we cannot infer 
that transport is unimportant! The computed profiles and flame speeds 
can be sensitive to the choice of transport parameters selected.  For 
the relative tests of the transport methods here, we have employed the 
same set of species viscosities, thermal conductivities and binary dif- 
fusion coefficients in all cases. We have demonstrated that the method 
used to generate the multicomponent, polyatomic transport coefficients 
is not critical for the H2-O2-N2 flame. And since this flame is reason- 
ably complex we infer that this result has a high probability of being 
valid for other flames. 

Indeed, we conclude that gross errors detected in comparing the 
results of different models are more likely to be traceable to differences 
in input data rather than to the method of approximating multicomponent 
polyatomic transport properties. 

We cannot completely explain the surprising agreement among the 
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various methods.  In this section we will show that our results are con- 
sistent with the few previous studies o£ transport algorithms. We will 
also discuss some additional numerical results that give some indication 
of the processes involved. 

Warnatz  essentially compared Methods II and III for an ozone 
flame and found the differences negligible.  However, it was not clear 
that his observations could be generalized to more complex flames. 

18 
In another paper  Warnatz included thermal diffusion in a simula- 

tion of an H2-O2-N2 flame. He used essentially Method IV together with 
a simple binary formula for thermal diffusion valid only for heavy 
isotopes.6 He found that the effect of thermal diffusion so defined was 
to lower the flame speed in a rich flame by about S%.     Species and tem- 
perature profiles were only slightly changed.  He did not discuss the 
accuracy of this approximation for a mixture. 

As noted earlier, Dixon-Lewis  considered the effect of thermal 
diffusion. However, he assumed a particular mass flow and simplified 
chemistry. He found that the thermal diffusion flux of H2 was quite 
large and inferred that effects due to thermal diffusion would be impor- 
tant when considering hydrogen atom diffusion in flame systems.  This 
inference is contrary to our findings.  Our results also show that, for 
H and H2, the thermal diffusion velocity W^ can be quite large compared 
to the species diffusion velocity t/^.  However, we find that these dif- 
ferences cause only small changes in both the flame speeds and the pro- 
files.  This finding supports that of Dixon-Lewis12 who in a recent paper 
reported that the inclusion of thermal diffusion for near stoichiometric 
H7-air flames lowers the burning velocity by 5 to 6%. 

In an attempt to gain additional insight, we have written an auxilary 
code to directly compare the transport properties. The input required 
for this code are the values of the temperature, the species concentra- 
tions, and the temperature and species gradients. Then the thermal 
conductivity \    and the diffusion velocities Vi are computed using the 
subroutines'written for Methods I through IV, and comparisons among the 
values for X0 and Vi are made.  By doing this we avoid the complicated 
interplay between transport and chemistry that occurs in flames. 

The auxiliary code was executed using several hundred sets of input 
values that were typical of those observed in the flames reported above. 
These input values were divided into four groups for analysis.  Group 1 
consisted of small species and temperature gradients. Group 2 of large 
species and temperature gradients. Group 3 of large species gradients 
and a zero temperature gradient, and Group 4 of small species gradients 
and large temperature gradients.  By a large gradient we mean a value 
typical of a flame front. 

The values of thermal conductivity computed with the auxiliary code 
showed little variation, regardless of the input group or approximation 

27 



method used. Specifically, the differences between Methods I and 11,  I 
and III, and I and IV averaged 2, 3 and 5%, respectively.  In general, 
the thermal conductivities of the individual species are not this well 
known either theoretically or experimentally. So despite the widely 
different levels of complexity, the four methods produced equivalent 
values for X  . 

The results of the comparisons for diffusion velocities are more 
difficult to summarize. Differences varied from less than 1% up to 
several hundred percent, depending on the particular input values and 
the particular species considered. Differences of 30 to 40% were common 
and in general were larger for the major species than for the minor species, 

We could not establish why there was a high degree of similarity 
in the flame speeds and profiles even though these were large differences 
in the V in the auxiliary code. We speculate that part of the reason 

N 
for this is due to the constraint E Y.V. = 0, which is satisfied by 

all of our methods. Another constraint on the diffusion velocities in 
the flame code is the fixed chemistry employed.  How the non-linear feed- 
back between the chemistry and the transport affects the similarity in 
the flame speeds and profiles is unknown. 

Nevertheless, some interesting conclusions can be drawn from these 
comparisons.  For instance, it is often assumed that thermal diffusion 
is negligible.  This assumption corresponds to that made in Group 3. 
(If the temperature gradient is zero, the thermal diffusion velocities 
W. will also be zero). 

For this group, we find that the values of the diffusion velocities 
computed by Methods I and II agree to about 1%.  In contrast, the values 
of the diffusion velocities computed by Methods III and IV differ from 
those computed by Method I by much more [typical differences are around 
40%).  This comparison implies that Method II (i.e., the Stefan-Maxwell 
equations) is much more accurate in determining the values for the dif- 
fusion velocities than the non-matrix methods.  Note that this conclu- 
sion is valid only for the case of zero temperature gradient. 

For the other three groups of input to our auxiliary code, we find 
that the diffusion velocities computed by Method III are usually in 
better agreement with those computed by Method I than those computed by 
Method II!  This situation can occur because in Method III the errors in 
ignoring thermal diffusion and in approximating the molecular diffusion 
velocities are generally of opposite sign.  We conclude that it is a 
waste of effort to use a matrix method (such as the Stefan-Maxwell 
equations) to compute diffusion velocities unless thermal diffusion is 
also considered. 

Method III is generally more accurate than Method IV. Method IV 
can be extremely inaccurate in computing the diffusion velocity for the 
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Nth species.  In the cases considered we have found that the values 
computed by Method IV for N2 differ, on the average, more than 100% from 
the values found by Method I. This is due to the procedure used to 
obtain the diffusion velocity for the Nth species. This procedure tends 
to associate cumulative errors caused by neglect of the constraint, Eq. 
(12), with the Nth species, here N2. We have found that Method III (the 
Boris and Oran procedure) is at least as accurate and in some cases 
substantially more accurate than the traditional Method IV for computing 
the Vi,  Furthermore the Boris and Oran procedure involves very little 
additional computational effort. 

V.  A NEW TRANSPORT METHOD 

For flames more complicated than H2-O2-N2 we require a transport 
algorithm that is computationally efficient and relatively precise.  The 
most exact procedure considered. Method I, can become prohibitively 
expensive for a large number of species. Method V is computationally 
efficient, but we feel caution is necessary in using such a simplified 
model. There does not seem to be a great deal to choose from among 
Methods II, III, and IV and so we have assembled a new method. Method VI. 

As with Methods II-V we require expressions for Xo and for the 
Vjf= Vi  + Wi).  For the thermal conductivity we use the simplest formula 
(20), since the exact choice does not appear to be important.  For the 
molecular diffusion velocities l/i we use the expression in equation (17). 

For problems with light species and steep temperature gradients, 
the neglect of thermal diffusion is often as important as the differences 
between the computational methods. So below we generate a technique that 
approximates the thermal diffusion contribution to the diffusion velocity, 
WA.     We shall first derive an expression for Wi  of a binary mixture and 
then generalize the results. 

For a binary mixture equation (2a) can be written 

V -  -   Cl-Yl)  f      Mi      Di^BtoT (27) 
VI "       X1X2       U12  8x pY1     3x 

from which we identify 

-  DJ Unl   . (28) 
DJ    -       —1  

1 
pYl  3x 
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Since, from Eq. (17), 

I"    X1X2  U2 9x t29} 

and since the thermal diffusion ratio is defined by reference 6 

fe = xlx2 ££ > (30) 
12 PY^^ 

we can write, after some algebra, 

wi = fei2 ^i h c^/ & - w 

Theoretical expressions for fe^ have been derived and even in the 
first approximation the expressions are quite complicated.6 For the 
special case of heavy isotopes, however, the first approximation simpli- 
fies to6 

h      -  15(2A* + 5)(6C* - 5) (Mi - M2)   y „ ,__, 
12  2A*(16A* - 12B* + 55) (M + M2)   12   ' ,--5ZJ 

Fortunately Eq. (32) reproduces H2-N2 thermal diffusion ratios to within 
30%, and so we use it as a simple but reasonable approximation for fejo- 
Equation (31) can now be evaluated (in the code). 

Generalizing Eq. (31) we define 

w. = k. V. ~ {am)/ |^i  . (33) 1   im 1 3x      3x ^    J 

If an expression for kim  can be obtained, then Wi of Eq. (33) can be 
evaluated.  Chapman and Cowling" have derived an approximation for fe. , 

33 
S.   Chapman and T.G.  Cowling,  The Mathematiaal Theory of Non-Uniform 
Gases,  Third Edition,  Cambridge University Press  (1970). 
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specifically 

N 
k Ik.. (34) 
im=j=l ^ 

where k. .   is given by an expression analogous to Eq. (32). 

From Eq. (32) we can see that the influence of W^ will be the 
greater the larger the mass differences. Normally the thermal diffusion 
ratio does not exceed 0.1 and for the H2-O2-N2 system, we have computed 
W-i only for the species H and Ho.  The resulting diffusion velocities 1 * N 
V. = I/. + W. do not satisfy the constraint Z Y.V. = 0. We use the 
111 i=l 1 i 

Boris and Oran procedure discussed in Section II to obtain this condition. 

Computationally, the quantity 15(2A* + 5)/[2A*(16A* - 12B* + 55)) 
can be fitted very accurately by a function of the form: a exp (c/T*). 
The quantity (6C* - 5) varies over the range zero to one and could not 
be fitted accurately by a simple expression. The fit for C* given in 
Appendix D is used instead. 

This new method for approximating multispecies transport has been 
exercised in our test flames.  Table 4 compares the flame speeds for 
Methods 1 and VI.  The results are so close that we infer that some of 
the errors made in the approximations involved in Method VI are cancelling, 

Figure 5 compares the OH profiles for flame D and .figure 6 compares 
the H2 profiles for flame C.  In general, for the minor species, the 
accuracy of Method VI is comparable to Methods II or III.  However, in 
almost every profile involving a major species, the accuracy was improved. 

VI.  ADDENDUM 

A few additional comparisons have recently been made.  In the spirit 
of approximation exemplified in the discussion of Method V, the further 
assumption is sometimes made that all the Lewis numbers (Lei = X/cp pDim) 
are equal to unity.  Given values for pX and Cp, this assumption defines 
the diffusion coefficients and removes the requirement of supplying 
independent information for them.  We tested how well this additional level 
of simplification fared by applying it in the code using flame C.  The 
computed flame speed was about 40% lower than for Method I.  While the 
major species profiles were still reasonably close to those of Method I, 
they were noticeably less accurate than Method V.  The minor species 
profiles showed large differences: the peak concentrations of 0, HO2, and 
H2O2 were lower than those of Method I by about a factor of two, 
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In an effort to substantiate our earlier inference concerning the 
transfer of these results to other (hydrocarbon) flames we performed some 
checks on the stoichiometric methane-air flame. For this flame we used 
the input parameters listed by Tsatsaronis,13 the kinetics scheme was 
used as listed, and we made no attempt to critically evaluate it. The 
flame speeds computed for Methods I, V, and VI are in the ratio 1.00 to 
0.88 to 0.94, respectively. The profiles for Method VI are more accurate 
than those produced by Method V. These results follow the same trend as 
in the FL-CL-lvL flames reported above. 
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TABLE 4.  FLAME SPEEDS CALCULATED USING TWO TRANSPORT MODELS 

I VI 
Flame L — 

A 14.1 14.0 

B 98 97 

c 292 292 

D 378 402 

E 892 894 
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APPENDIX A.  THE FLAME EQUATIONS 

We are interested in the equations that describe a one-dimensional, 
laminar, premixed flame that propagates in an unbounded ideal gas. The 
effects of radiation, viscosity, and body forces are ignored.  Since the 
burning velocity is small compared with the local speed of sound, the 
pressure is taken to be constant. The resulting equations (see for 
example reference 2 of text) are: 

Overall Continity: 

3p  3(pu) .. 
3t ~Z^~  0 (A-l) 

Continuity of Species; 

3Yi 
9t + pu 

3Yi 
3x 

f- (pY.V.) + R.M., i = 1,...N 
9x ^   ±  iJ i i'     ' 

(A-2) 

and Conservation of Energy: 

9T       8T 
p dt       p dX 8x   ■ T  i 

i=l 

3(pYiVi) 
3x R.M. 

i i 
CA-3) 

The boundary conditions are the following (t > 0) .  For x =  -°°; 

T = T and Y. = Y.  (i=l,...N) , 
u      1    1U 

(A-4) 

and for x = ^ ; 

|I = |^=0(i=l....N) (A-5) 

The transport properties that we are interested in are the diffusion 
velocities V. and the heat flux q. 
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APPENDIX B.  H2-02-N2 INPUT PARAMETERS 

The required input data for the H2-O2-N2 flames are for the most 
part taken from Warnatz (see reference 18 of text). 

The kinetic scheme consists of thirty reactions and has been taken 
in toto from Warnatz' Table 3, which for the most part was taken from 
the Leeds review,1 Our interest here is a study of the effects of using 
different transport algorithms, and not a critical evaluation of the 
kinetics.  So we have uncritically used Warnatz' mechanism.  This 
mechanism is in reasonable agreement with experimental data. 

The enthalpies and heat capacities are evaluated using the sixth 
order polynomial fits of Gordon and McBride (see reference 4 of text). 
These reproduce the JANNAF (see reference 3 of text) values to within a 
few parts per thousand over the temperature range 300K-3000K. 

The transport parameters are given in Table B-2. These are from 
Warnatz except for c"i for OH, which is from Dixon-Lewis (see reference 
12 of text).  The values for a and e/fe are obtained from viscosity 
measurements. 

The manipulation of these parameters is discussed in Appendix D. 

B1D.  L.  Baulah,  D.  D.  Dvysdale,  D.   G.  Eovne,  and A.   C.   Lloyd,   Evaluated 
Kinetio Data for High Temperature Reactions,   Vol.   1,  Butterworths3 

London 1972. 
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TABLE B-l.  REACTIONS IN THE H2-02-N2 SYSTEM 

NO REACTION A* B c 

1 OH + H2 -»■ H20 + H 2.2E13** 0 - 2590 

2 H + H20 -> OH + H2 9.3E13 0 -10250 

3 H + 02 -> OH + 0 2.2E14 0 - 8450 

4 0 + OH -> H + 0 1.0E13 0 0 

5 0 + H2 ^ OH + H 1.8E10 1 - 4480 

6 H + OH ^ 0 + H2 8.3E09 1 - 3500 

7 OH + OH -> H20 + 0 6.3E12 0 - 550 

8 0 + H20 ->■ OH + OH 6.8E13 0 - 9240 

9 H + H + M' -> H2 + M' 9..0E17 -1 0 

10 H + OH + M' -> HO + M' 2.2E22 -2 0 

11 H + 02 + M' ^ H02 + M' 5.0E15 0 500 

12 H + H02 ^ OH + OH 2.5E14 0 - 950 

13 H + H02 -^ H2 + 02 2.5E13 0 - 350 

14 H + H02 -> H20 + 0 1.5E13 0 - 500 

IS OH + H02 ■»■ H20 + 02 5.0E13 0 -  500 

lb 0 + H02 ^ OH + 02 5.0E12 0 - 500 

17 OH + OH + M ^ H202 + M 9.1E14 0 2550 

18 H + H202 -> H20 + OH 3.2E14 0 - 4500 

19 H02 + H02 -> H202 + 02 8.5E12 0 - 500 

20 H2 + M' -> H + H + M' 8.8E14 0 -48300 

21 0 + 0 + M->02+M 7.0E13 0 900 

22 H02 + M' ^ H + 0 + M' 7.0E15 0 -23000 

23 OH + OH ^ HO + H 1.2E13 0 -20200 
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TABLE B-l.     REACTIONS  IN THE H2-02-N2  SYSTEM  (Cont'd) 

NO REACTION A* 

24 H02 + H2 -> H202 + H 7.3E11 

25 H + H202 -*■ H2 + H02 1.7E12 

26 H202 + M ->■ OH + OH + M 1.2E17 

27 0 + H202 -»■ OH + H02 2.8E13 

28 0 + H202 ■»■ H20 + 02 2.8E13 

29 OH + H202 ■> H20 + H02 1.0E13 

30 H0o + Ho0 •♦ Ho0o + OH 2.8E13 

B c 

0 - 9400 

0 - 1900 

0 -22900 

0 - 3200 

0 - 3200 

0 - 910 

0 -16500 

[M]  = total concentration 

[M']   = 6.0  [H20]   +  1.0   [H2]   + 0.4  [02J   + 0.4   [N2] 

A is in units of am /mole-sea or am /mole -sea,   k = AT    eccp  (C/T). 

** 13 
2.2E13 = 2.2 x 10    . 
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TABLE B-2. MOLECULAR PARAMETERS USED FOR 
THE DETERMINATION OF TRANSPORT PROPERTIES 

Species 
0 

l[K] y[Debye] a [A3] 

0 2.75 80 0 0 

02 3.46 107 0 1.60 

H 2.05 145 0 0 

H2 2.92 38 0 0.79 

OH 2.75 80 0 0 

H20 2.60 572 1.844 0 

N2 3.62 97.5 0 0 

H023   E202 like 02 

CO 

5 

14.4 

280 

4.5 

4.0 

15.7 
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APPENDIX C.  DEFINITION OF THE MATRIX L 

The matrix L can be partitioned into nine N by N matrices 

^00,00      Loo,io      Loo,oiN 

J     10,00        L
10.10        L10,01 

Loi,oo  Loi,io  Loi,oi 

(C-l) 

where 

00,00 
ii 

0, (C-2) 

00,00 _. 16 T 

lj 25 P v^   .h,. M. irr 
i]     fe/i  i  ife 

, i J* j. (C-3) 

Loo,io 
ij 

"  81   Mj(1.2 Cjj   -  IjXjXj , 
5P     (M.   + M.)     V. . >  ±r J   > 

(C-4) 

,00,10 
ii 

Lio,oo 
ij 

E     L00'10 

m n 

T00,I0 

(C-5) 

(C-6) 

Loi,oo _ Loo,oi = 0 

ij "    ij 
(C-7) 

10,10      - 16 Mj Xj2 /,       10 Ci.rot\      16T    y    j XjXfe 
Jii =       15 R Hi      ^  +  3. R hi   ) -  25P  ^ \ (M.   + M^^ 

1^925 2 2     * 
^Mi +r- Mfe -3VBife +i!:i 

Ci.  rot + Cfe,  rot 
R 5, k R   ? ife 

(C-8) 
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,10,10  16T MjMj XjXj 
ij   " 25P (M. + MT)^ V.. 

55     *      *  I 
!=■- 3 B.. - 4 A., 1 

I-/SL rot + Cj, rot\1 . .. 
(C-9) 

L10,01 = 16Mi Xj Cj. rnt 
ii Sir R n-   C. 5. . 

i    i,   mt    ii 

32 T Mj A ife XjXfe Cj.  rot 
5TT p C.     r"  ,    .   (M.   + MJ  P.,   |7Z ' r    i,  int fe=i   *•■ i        fe-'     ife *ife 

(C-10) 

,10,01 i       32 T Mj A ij  Xj  Xj  Cj    rot 
ij " 5 p ir C.     .   ^   (M.   + M.)  P..   ?.. r        j,  int  v i        j^     ji    ji 

(C-ll) 

L01,10 _ Lio,oi 
ij "    ji 

(C-12) 

L01'10 = 0,   i^j 
ij J (C-13) 

and 

L01,01 
ii 

SMjXi    C^ pt 
TT n- 5. • C. 

i    ii    i  ,  mt 

4RT XiX^ 
P C. 1 f   IT 

i,  mt   ( fe      i,  mt,fe 

+ v      12 Mj A ife XjXfe Cj.  rot 
, -.     STT M,   D.,   C.     TTtTl iifi fe    ife    i,  mt    ife 

(C-14) 

46 



When solving equations (7) and (6) for the thermal conductivity, 
X0 will turn out to have the units cm2-atm-s-

1-K-1. To convert to the 
more usual units o£ cal-cm-i-s-i-K"1, we multiply by R/Ra = 1.9872/82.05 
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APPENDIX D.  MANIPULATION OF TRANSPORT DATA 

The quantities required to compute the elements of the matrix L 
used in Method I can be calculated from the transport parameters (Table 
B-2) and the heat capacities (see reference 4 of text). We shall discuss 
the procedures in this appendix. 

The viscosity ni and the binary diffusion coefficients Pij can be 
obtained from Lennard-Jones (non-polar) or Stockmayer (polar) parameters 
ok and ek/fe. For polar molecules (here only H20) we also need the dipole 
moment ui.  For the binary diffusion coefficient of a polar and a non- 
polar species, we also need the polarizibility ai of the non-polar species 
Then ni and Pji are calculated using tabulated values of the collision 
integralsl>2 (see also reference 6 of text). 

*    *       * 
The quantities A jj , B ij, and C ij do not have exactly their stan- 

dard meanings (see reference 9 of text).  However, they can be closely 
approximated by the usual quotients of collision integrals. For 
Lennard-Jones parameters, these are tabulated in reference 6 of text. 
For simplicity, we will assume that at most one of the species is polar 
(in our case H2O),  Since a polar molecule interacting with a non-polar 
molecule can be represented by a Lennard-Jones potential, all the 
quantities A*ij, B*ij, and C*ij can be cast into the Lennard-Jones for- 
malism. They are functions only of T*ij = T/(Eij/fe.), where eij is 
obtained from ei and ej by standard combining rules! (see also reference 
6 of text). 

The collision numbers 5ij for rotational relaxation of species i on 
colliding with species j are difficult to obtain, particularly if i^j. 
Fortunately, these values are not critical. For simplicity, we will 
assume that 5ij = ^a.    Parker3 has calculated values for E,ii  for homo- 
nuclear diatomic molecules, as well as the temperature relation 

hi - hi 
3/2 

1 
h+ tyk^] l + ^^(^^)^l     • (D-D 

We use his values for O2 and N2. For other types of molecules, we must 
look for experimental values.  In this paper, we take these other Cii's 
to be constant. The values for 5ii are taken from Warnatz (see reference 
14 of text) except the value of 5ii for OH (see reference 12 of text). 

R.   C.  Reid and T.  K.   Sherwood3  The Pvopevties of Gases and Liquids, 
2nd Edition,  MoGvaw-Hill,  NY,   (1966). 

D2 L.  Monahiak and E.  A.  Mason,   "Transport Properties of Polar Gases", 
J.   Chem.  Phys.,  33,   1676-1697  (1961). 
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The quantities Pi int,j refer to the diffusion of internal energy, 
which is approximated by Pij. More accurate values are very difficult 
to calculate, and there is no known way of determining them experi- 
mentally (see reference 9 of text). 

To obtain the Cijrot and Cijint, we need to properly partition 
Ci,v, the heat capacity at constant volume. Cifv can be calculated from 
the Gordon and McBride polynominal fits (see reference 4 of text).  It 
can be partitioned as 

Ci,v = Ci,tr + Ci,int' CD-2) 

where Cj^tr = 1.5 R.  The internal energy can be further partitioned 
into rotational and vibrational energy. CifTOt  = 0 for a monatomic 
molecule, Ci}rot = R for a linear molecule,'and Ci^ot = 1.5 R for a 
polyatomic molecule. 

For Method I, we do not need to directly compute the separate species 
thermal conductivities Xi-  These values are required for the other 
methods, so we will discuss them here. 

For monatomic gases, 

..mon  15 R 
i  ~~M7V C0"3) 

I 

where a hard sphere model has been assumedl (see also reference 6 of 
text). 

For polyatomic gases, there are many procedures. We will follow 
the analysis of Mason and Monchick,l,4 and write 

^71= ftrCi,tr+ fintCi,int ^ 

where 

D3 
J.   G.  Parker^   "Rotational and Vibrational Relaxation in Diatomia 
Gases"3  Phys.  Fluids,   2,   449-462  (1959). 

D4 
E.  A.  Mason and L.  Monahiak,   "Heat Conductivity of Polyatomia and 
Polar Gases"}  J.  Chem.  Phys.,,  36,  1622-1639  (1962). 
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"tr " 2 
,10/2    Mj pPi.int.i\ /Cj.rot 

STT ^ " 5      n.     J\R  Cii(rot) 

+ ci,Yib \ 
(D-5) 

int 
_ Mj pPj.jnt.i [, + i /. _ 2 Mj pPi.intgN/Cj.rQt . _ 

\             [  ^ S     ni    ACijint ^Crot) 

+ Ci>VibtC..(vib))l ' (D-6) 
i.int ilv    J 

Normally, 5ii(vib) » 5ii(rot), so we will ignore the vibrational 
term. We then refer to Cii(rot) just as Cii. As usual, we approximate 
^i,int,i by the self diffusion coefficient Pii. 

Using either Lennard-Jones or Stockmayer collision integrals, 

Mi pPjj 1.1999 A ^ 1.32, (D-7) 

Equation (D-4) then simplifies to 

XiM J^L = 1.32 C.   + 1.77R - .886 Cj.rot 
ni i,v 

(D-8) 
11 

As before, the exact value of C-. is not critical in the computation. 

For actual use in the code, a fit to the tli, Hs  and Vij is made of 
the form alb over an appropriate temperature range, using the logarithmic 
method with proper transformation of weights.5 The resulting fits are 
accurate within two percent. 

D5 R.  J.  Cvetanovio and D.  L.  Singleton, Intemat.  J.   Chem. Kinet.,  9, 
481-488,   1977; R.   J.   Cvetanovio and D.  L.   Singleton,  Internat.  J. 
Chem.  Kinet.,   1007-1009,  1977. 
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The quantities A*, B*, and C* are fit over a range 1.0 ^ T* <^ 400, 
This covers the range likely to occur in a flame.  If the fit is extended 
to values of T* <_ 1, the accuracy suffers. A* can be fit very accurately 
by a function of the form: a(T*)b. To fit B* and C* accurately, we 
need to use the functional form: a exp (c/T*) (see Table D-l). 

Given the above information, we have developed software to write 
the actual transport subroutine used in the code. 

TABLE D-l.  FITS TO THE FUNCTIONS A*,B*,C* 
(a (T*)b or a exp (c/T*)) 

Function a h n 

A 

* 
B 

* 
C 

1.0885 9.0557E-3 0 

1.0786 0 8.5001E-2 

.95426 0 -  .14357 
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APPENDIX E.  PROGRAM LISTINGS 

We have included here the FORTRAN programs for writing the transport 
subroutines, as well as examples o£ the subroutines themselves. Some of 
these routines are very long for the H2-O2-N2 system (over 3500 lines for 
Method I). So as an example we have considered a binary mixture of H2 
and N2. This shows the main features of the programs while conserving 
space. 

A copy of the actual flame code used is given in reference 23 of the 
text. Method V (constant transport) is included in this code as the 
default. The appropriate constant transport values for a given flame 
must be read in, but the subroutine itself is not rewritten. 

For our other transport methods, the subroutine is written specifi- 
cally for a given set of chemical species. The procedure is straight- 
forward. We attach to TAPE15 the coefficients for computing the thermo- 
dynamic quantities. We attach to TAPE9 the least squares fits for the 
viscositites, thermal conductivities, and binary diffusion coefficients. 
There are computed in another program using the methods discussed in 
this article. The program also requires the appropriate Lennard-Jones 
(Stockmayer) parameters, the pressure, and for some methods the least 
squares fits for A*, B*, and C*. The flame code actually works with non- 
dimensional forms of the flame equations, so appropriate normalization 
terms for the space coordinate, time coordinate, and temperature must 
also be supplied. 

The transport statements are written onto TAPE3. This tape is read 
and attached to a standard set of initial statements. The corresponding 
FORTRAN subroutine F can then be attached to the flame code. 

Given the mass fractions, the non-dimensional temperature, and 
their first and second space derivatives, F computes the corresponding 
time derivatives. The needed chemistry terms are found by calling the 
subroutine RT.  This subroutine is also written by a FORTRAN program 
(see reference 22 of text). 

For details on the actual form of the equations used and the con- 
nections between F and the rest of the flame code, see reference 23 of 
the text. 

The listing that follows gives the FORTRAN program (MAIN) and the 
corresponding transport subroutines for a binary mixture of H2 and N2 

(F) for Methods I, II, III, IV and VI. 
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LIST OF SYMBOLS 

* (2 21*  (1 i")* 
A . . * Jl, .   /fi:.'   , quotient of collision integrals, 

ij   ij     ij    ' n b 

* i \ 2}*       f i ^i*  fin* 
B ., = [Sn!".' J - 4(21-:' J l/n!-:* J , quotient of collision integrals, 

ij     ij       ij   J' ij   ' n 

* (12")*  fill* C   ..   = nr.'  /fi:.'   , quotient of collison integrals. 

C. .   = Internal heat capacity, cal-mole -K i, mt i/i 

C.    = rotational heat capacity, cal-mole -K 
L,rot l * ' 

C.   = translational heat capacity, cal-mole -K i ,tr r   / i 

C. = heat capacity at constant volume, cal-mole  -K i,v v i > 

c . = specific heat, cal-gm -K 
pl  N 

-1  -1 
c =  Z c .Y., specific heat of the mixture, cal-gm -K 
P  i=1 pi i'  F 

2-1 
V. .   = binary diffusion coefficient, cm -s 
ij 

2  -1 
D. = diffusion coefficient of species i into a mixture, cm -s im r 

2  -1 
D.. = multicomponent diffusion coefficient, cm -s 

T -1  -1 
D.  = multicomponent thermal diffusion coefficient, gm-s  -cm 

2  -1 
P. .   . = binary diffusion coefficient for internal energy, cm -s 
i, mt, j 

h. = specific enthalpy, cal-gm 

fe = Boltzmann constant = 1.38054X10   erg-K -molecule 

fe.. = thermal diffusion ratio. 

fe..  = thermal diffusion ratio between species i and the rest of the mixture 
im r 

M. = molecular weight, gm-mole 

p = pressure, atm. 

q = total energy flux relative to the fluid velocity, cal-cm -s 

R. = rate of production of ith species by chemical reaction, mole-cm -s 

R = gas constant = 1.9872 cal-mole -K 

3       -1-1 
R = gas constant = 82.05 cm -atm-mole -K 
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LIST OF SYMBOLS (Cont'd) 

t = time, s, 

T -  temperature, K. 

T = temperature of unburned mixture, K. 

T_ = temperature of burned mixture, K. 

T.* = T/Ce./fe). 

T. .* = T/(e. Jk). 

u = fluid velocity, cm-s" . 

V. = diffusion velocity, cm-s~ . 

I/. = diffusion velocity due to species gradients, cm-s~ . 

W. = diffusion velocity due to the temperature gradient, cm-s~ . 

x = spatial coordinate, cm, 

X. = mole fraction. 

Y. = mass fraction. 

Yiu = mass fraction of species i in the unburned mixture. 

YiB = mass fraction of species i in the burned mixture. 

a. = polanzibility, A . 

e./fe = Lennard-Jones or Stockmayer parameter, K. 

-1 -1 x\.   = viscosity, poise = gm-cm -s 

-18   1/2   S/2   1 li. = dipole moment, debye = 10~  gm  -cm  -s 
o 

a. = Lennard-Jones or Stockmayer parameter, A. 

Xo = thermal conductivity of the mixtures, neglecting diffusion effects, 
cal-cnrl-s-l-K-1. 

Ill = thermal conductivity due to translational energy, cal-cm" -s" -K o,tr 

X 1 -1 ..-1 
0 i t -  thermal conductivity due to internal energy, cal-cm" -s -K 
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LIST OF SYMBOLS (Cont'd) 

X   .     =  thermal conductivity of a mixture of monatomic gases, cal-cm 
miX  s-l-K-1. 

X .  - thermal conductivity of a mixture, cal-cm -s -K mix ' 
_3 

p = fluid density, gm-cm ' . 

?.. = rotational collision numbers, 
ij 
fl n*   (2  21*  fl 21*   fl 31* fi!-!' J ; SI}.'   >   ;  Sir.'   >   :  tt).'   >     =  collision integral, 
ij      ij      ij      ij 

153 



DISTIUBUTION LIST 

No. of No. of 
Copies       Organizat Lon       Cop!cs 

12 Commander 
Defense Technical Info Center 
ATTN:  UDC-UDA 
Cameron Station 
Alexandria, VA  22314 

1 Director 
Defense Advanced Research 

Projects Agency 
ATTN:  LTC. C. Buck 
1400 Wilson Boulevard 
Arlington, VA  22209 

2 Director 
Institute for Defense Analyses 
ATTN:  H. WoIfhard 

R.T. Oliver 
400 Army-Navy Drive 
Arlington, VA  22202 

1 Commander 
US Army Materiel Development 

and Readiness Command 
ATTN:  DRCDMD-ST 
5001 Eisenhower Avenue 
Alexandria, VA  22333 

4 Commander 
US Army Armament Research and 

Development Command 
ATTN:  DRDAR-LCA, J. Lannon 

DRDAR-LC, T. Vladimiroff 
DRDAR-LCE, R.F. Walker 
DRDAR-SCA, L. Stiefel 

Dover, NJ  07801 

2 Commander 
US Army Armament Research § 

Development Command 
ATTN:  DRDAR-TSS 
Dover, NJ  07801 

Organi zation 

1  Commander 
US Army Armament Materiel 

Readiness Command 
ATTN:  l)RSAR-LI;P-L, Tech Lib 
Rock island, IL  61299 

1  Commander 
US Army Watervliet Arsenal 
ATTN:  Code SARWV-RD, R. Thierry 
Watervliet, NY  12189 

1  Director 
US Army ARRADCOM 
Benet Weapons Laboratory 
ATTN:  DRDAR-LCB-TL 
Watervliet, NY  12189 

1 Commander 
US Army Aviation Research and 

Development Command 
ATTN:  DRSAV-E 
P.O. Box 209 
St. Louis, MO  63166 

1 Director 
US Army Air Mobility Research 

and Development Laboratory 
Ames Research Center 
Moffett Field, CA  94035 

1 Commander 
US Army Communications Rsch 

and Development Command 
ATTN:  DRDCO-PPA-SA 
Ft. Monmouth, NJ  07703 

1 Commander 
US Army Electronics Research § 

Development Command 
Technical Support Activity 
ATTN:  DELSD-L 
Fort Monmouth, NJ  07703 

155 



DISTRIBUTION LIST 

No. of 
Copies Orgaiuznt ion 

No, of 
Copies Organ izat ion 

1  Commander 
US Army Missile Command 
ATTN:  DRSMi-R 
Redstone Arsenal, AL  35809 

1  Commander 
US Army Missile Command 
ATTN:  DRSMl-YDl, 
Redstone Arsenal, AI,  35809 

1  Commander 
US Army Natick Research and 

Development Command 
ATTN:  DRXRE, 1). Siding 
Natick, MA  01762 

1  Commander 
US Army Tank Automotive Rsch 

and Development Command 
ATTN:  DRDTA-UL 
Warren, MI  48090 

1 Commander 
US Army White Sands Missile 

Range 
ATTN:  STEWS-VT 
WSMR, NM  88002 

1 Commander 
US Army Materiel £,  Mechanics 

Research Center 
ATTN:  DRXMR-ATL 
Watertown, MA  02172 

5 Commander 
US Army Research Office 
ATTN: Tech Lib 

D. Squire 
F. Schmiedeshaff 
R. Ghirardelli 
M. Ciftan 

Research Triangle Park, NC 
27706 

1  Director 
US Army TRADOC Systems 
Analysis Activity 

ATTN:  ATAA-SL, Tech Id b 
White Sands Missile Range, 
NM  88002 

1  Office of Naval Research 
ATTN:  Code 473 

C. Neece 
800 N. Quincy Street 
Arlington, VA  22217 

1 Commander 
Naval Sea Systems Command 
ATTN:  J.W. Murrin (NAVSliA-62R2J 
National Center 
Building 2, Room 61:08 
Washington, DC  20360 

2 Commander 
Naval Surface Weapons Center 
ATTN:  S.J. Jacobs/Code 240 

Code 730 
Silver Springs, MD  20910 

1 Commander 
Naval Surface Weapons Center 
ATTN:  Library Br, DX-21 
Dahlgren, VA  22448 

1 Commander 
Naval Underwater Systems 

Center 
Energy Conversion Department 
ATTN:  R.S. Lasar/Code 5B331 
Newport, RI  02840 

2 Commander 
Naval Weapons Center 
ATTN:  R. Derr 

C. Thelen 
China Lake, CA  93555 

156 



No. of 
Copies Organization 

DISTRIBUTION LIST 

No. of 
Copies Organization 

1 Commander 
Naval Research Laboratory 
ATTN:  Code t.180 
Washington, DC  20375 

3 Superintendent 
Naval Post Craduate School 
ATTN:  Tech Lib 

D. Netzer 
A. Fuhs 

Monterey, CA  93940 

2 Commander 
Naval Ordnance Station 
ATTN:  S. Mitchell 

Tech Lib 
Indian Head, MD  2 0640 

5 AFOSR 
ATTN:  D. Ball 

L. Caveny 
B. T. Wolfson 

Boiling AFB, DC  20332 

2 AFRPL (DYSC) 
ATTN:  D. George 

J.N. Levine 
Edwards AFB, CA  93523 

2 National Bureau of Standards 
ATTN:  J. Hastie 

T. Kashiwagi 
Washington, DC  20234 

1  Lockheed Palo Alto Rsch Labs 
ATTN:  Tech Info Ctr 
3521 Hanover Street 
Palo Alto, CA  94304 

1 Aerojet Solid Propulsion Co. 
ATTN:  P. Micheli 
Sacramento, CA  95813 

I  ARO Incorporated 
ATTN:  D. Dougherty 
Arnold AFS, TN   37389 

1 Atlantic Research Corporation 
ATTN:  M.K. King 
5390 Cherokee Avenue 
Alexandria, VA  22314 

1  AVCO Corporation 
AVCO Everett Research Lab Div 
ATTN:  D. Stickler 
2385 Revere Beach Parkway 
Everett, MA  02149 

1 Calspan Corporation 
ATTN:  E.B. Fisher 

A.P. Trippe 
P.O. Box 400 
Buffalo, NY   14221 

1 Foster Miller Associates, Inc. 
ATTN:  A.J. Erickson 
135 Second Avenue 
Waltham, MA  02154 

1 General Electric Company 
Armament Department 
ATTN:  M.J. Bulman 
Lakeside Avenue 
Burlington, VT  05402 

1 General Electric Company 
Flight Propulsion Division 
ATTN:  Tech Lib 
Cincinnati, OH  45215 

157 



DISTRIBUTION LIST 

No. of 
Copies Organization 

1 General Motors Research 
Laboratories 

Physics Department 
ATTN:  ( C. Dasch 
Warren, MI  48090 

No. of 
Copies Organization 

2    Hercules Incorporated 
Alleghany Ballistic Lab 
ATTN:  R. Miller 

Tech Lib 
Cumberland, MD  21501 

I Hercules Incorporated 
Bacchus Works 
ATTN:  B. Isom 

Magna, UT 84044 

1  IITRI 
ATTN:  M.J. Klein 
10 West 35th Street 
Chicago, IL  60615 

1 Olin Corporation 
Badger Army Ammunition Plant 
ATTN: J. Ramnarace 
Baraboo, WI  53913 

2 Olin Corporation 
New Haven Plant 
ATTN:  R.L. Cook 

D.W. Riefler 
275 Winchester Avenue 
New Haven, CT  06504 

1 Paul Cough Associates, Inc. 
ATTN:  P.S. Gough 
P.O. Box 1614 
Portsmouth, NH  03801 

1 Physics International Company 
2700 Merced Street 
Leandro, CA  94577 

1 Pulsepower Systems, Inc. 
ATTN:  L.C. lilmore 
815 American Street 
San Carlos, CA  94070 

3 Rockwell International Corp. 
Rocketdyne Division 
ATTN:  C. Obcrt 

J.li. Flanagan 
A. Axeworthy 

6633 Canoga Avenue 
Canoga Park, CA  91304 

2 Rockwell International Corp. 
Rocketdyne Division 
ATTN:  W. Haymes 

Tech Lib 
McGregor, TX  76657 

1 SAI 
ATTN:  R. Farmer 
21133 Victory Boulevard 
Suite 216 
Canoga Park, CA  91303 

1 Science Applications, Inc. 
ATTN:  R.B. Edelman 
Combustion Dynamics § 

Propulsion Division 
20335 Ventura Blvd. (Suite 423) 
Woodland Hills, CA  91364 

1 Shock Hydrodynamics, Inc. 
ATTN:  W.H. Anderson 
4710-16 Vineland Avenue 
North Hollywood, CA  91602 

1 Thiokol Corporation 
Elkton Division 
ATTN:  E. Sutton 
Elkton, MD  21921 

158 



DISTRIBUTION LIST 

No. of 
Copies Organization 

3 Thioko: I Corporation 
lluntsv: Lllc Division 
ATTN: D. Flanigan 

R. Click 
Tech Lib 

Uuntsville, AL  55807 

No. of 
Copies Organization 

2 ThiokoL Corporation 
Wasatch Division 
ATTN:  J. Peterson 

Tech Lib 
P.O. Box 524 
Brigham City, UT  84302 

1 TRW Systems Group 
ATTN:  H, Korman 
One Space Park 
Redondo Beach, CA  90278 

2 United Technologies 
ATTN:  R. Brown 

Tech Lib 
P.O. Box 358 
Sunnyvale, CA  94086 

1  Universal Propulsion Co. 
ATTN:  H.J. McSpadden 
1800 W. Deer Valley Rd. 
Phoenix, AZ 85027 

11 Battelle Memorial Institute 
ATTN:  Tech Lib 

R. Bartlett (10 cys) 
505 King Avenue 
Columbus, OH  43201 

1 Brigham Young University 
Dept of Chemical Engineering 
ATTN: M. W. Beckstead 
Provo, UT 84601 

1  California Institute of Tech 
204 Karmar Lab 
Mai 1 Stop 301-46 
ATTN:  IMi.C. Culick 
1201 li. California Street 
Pasadena, CA  91125 

I  Case Western Reserve Univ. 
Division of Aerospace Sciences 
ATTN:  J. Tien 
Cleveland, 01!  44135 

3 Georgia Institute of Technology 
School of Aerospace Engineering 
ATTN:  B.T. Zinn 

E. Price 
W.C. Strahle 

Atlanta, GA  30332 

1  Institute of Gas Technology 
ATTN:  0. Gidaspow 
3424 S. State Street 
Chicago, IL  60616 

1 Johns Hopkins University/APL 
Chemical Propulsion Information 
Agency 

ATTN:  T. Christian 
Johns Hopkins Road 
Laurel, MD  20810 

1 Massachusetts Institute of 
Technology 

Dept of Mechanical Engineering 
ATTN:  T. Toong 
Cambridge, MA  02139 

159 



No.   of 
Copies Organization 

DISTRIIHJTION  LIST 

No. of 
Copies Organization 

1  Pennsylvania State University   4 
Applied Research Lab 
ATTN:  G.M. Faeth 
P.O. Box 30 
State College, PA  10801 

1 Pennsylvania State University 
Dept of Mechanical lingineering 
ATTN:  K. Kuo 1 
University Park, PA  16801 

1  Pennsylvania State University 
Dept of Material Sciences 
ATTN:  II. Palmer 1 
University Park, PA  16810 

1 Princeton University 
Forrestal Campus 
ATTN:  1. Classman 

Tech Lib 
P.O. Box 710 1 
Princeton, NJ  08540 

1  Purdue University 
School of Mechanical Engineering 
ATTN: J. Osborn 

S.N.B. Murthy 
TSPC Chaffee Hall 1 
West Lafayette, IN  47906 

1 Rutgers State University 
Dept of Mechanical and 
Aerospace Engineering        1 

ATTN:  S. Temkin 
University Heights Campus 
New Brunswick, NJ  08903 

SRI International 
ATTN:  Tech Lib 

J. Barker 
1). Crosley 
I). Coldcn 

333 Ravcnswood Avenue 
Menlo Park, CA  94025 

Stevens Institute of Technology 
Davidson Laboratory 
ATTN:  R. McAlevy, III 
Hoboken, NJ  07030 

University of California, 
San Diego 

Ames Department 
ATTN:  F. Williams 
P.O. Box 109 
LaJolla, CA  92037 

University of Illinois 
Dept of Aeronautical 

Engineering 
ATTN:  H. Krier 
Transportation Building, Rm 105 
Urbana, IL  61801 

University of Minnesota 
Dept of Mechanical Engineering 
ATTN:  E. Fletcher 
Minneapolis, MN  55455 

University of Southern California 
Dept of Chemistry 
ATTN: S. Benson 
Los Angeles, CA  90007 

University of Texas 
Dept of Chemistry 
ATTN:  W. Gardiner 

H. Schaefer 
Austin, TX  78712 

160 



DISTRIBUTION LIST 

No. of 
Copies        Organization 

2 University of Utah 
Dept of Chemical Bnginccrlng 
ATTN:  A. Baer 

G. Flandro 
Salt Lake City, UT  84112 

Aberdeen Proving Ground 

Dir, USAMSAA 
ATTN:  DRXSY-U 

L)RXSY-MP, li. Cohen 

Cdr, USATECOM 
ATTN:  DRSTE-TO-F 

Dir, USCSL, Bldg. E3516, EA 
ATTN:  DRDAR-CLB-PA 

161 



USER EVALUATION OF REPORT 

Please take a few minutes to answer the questions below; tear out 
this sheet, fold as indicated, staple or tape closed, and place 
in the mail.  Your comments will provide us with information for 
improving future reports. 

1.  BRL Report Number  

2.  Does this report satisfy a need?  (Comment on purpose, related 
project, or other area of interest for which report will be used.) 

3.  How, specifically, is the report being used?  (Information 
source, design data or procedure, management procedure, source of 
ideas, etc.)          

4. Has the information in this report led to any quantitative 
savings as far as man-hours/contract dollars saved, operating costs 
avoided, efficiencies achieved, etc.? If so, please elaborate. 

5.  General Comments (Indicate what you think should be changed to 
make this report and future reports of this type more responsive 
to your needs, more usable, improve readability, etc.)  

6.  If you would like to be contacted by the personnel who prepared 
this report to raise specific questions or discuss the topic, 
please fill in the following information. 

Name:  

Telephone Number:  

Organization Address:  


